Abstract: In this article, homotopy analysis method is successfully applied to find the approximate solution of Caputo fractional Volterra integro-differential equation. The reliability of the method and reduction in the size of the computational work give this method a wider applicability. Also, the behavior of the solution can be formally determined by analytical approximate. Moreover, we proved the existence and convergence of the solution. Finally, an example is included to demonstrate the validity and applicability of the proposed technique.
Introduction
In this paper, we consider Caputo fractional Volterra integro-differential equation of the form: derivative [13, 19, 22] .
Definition 2.1. (Riemann-Liouville fractional integral). The Riemann-Liouville fractional integral of order α > 0 of a function f is defined as
where R + is the set of positive real numbers. where the parameter α is the order of the derivative and is allowed to be real or even complex. In this paper, only real and positive α will be considered. Hence, we have the following properties:
(Riemann-Liouville fractional derivative). The Riemann Liouville fractional derivative of order α > 0 is normally defined as
Theorem 2.4. [22] (Banach contraction principle). Let (X, d) be a complete metric space, then each contraction mapping T : X −→ X has a unique fixed point x of T in X i.e. T x = x.
Homotopy Analysis Method (HAM)
Consider,
where N is a nonlinear operator, u(x) is unknown function and x is an independent variable. Let u 0 (x) denote an initial guess of the exact solution u(x), = 0 an auxiliary parameter, H 1 (x) = 0 an auxiliary function, and L an auxiliary linear operator with the property L[s(x)] = 0 when s(x) = 0. Then using q ∈ [0, 1] as an embedding parameter, we can construct a homotopy when consider, N [u] = 0, as follows [4, 6, 14, 15, 21] :
It should be emphasized that we have great freedom to choose the initial guess u 0 (x), the auxiliary linear operator L, the non-zero auxiliary parameter , and the auxiliary function H 1 (x). Enforcing the homotopy Eq.(3.1) to be zero, i.e.,
we have the so-called zero-order deformation equation
when q = 0, the zero-order deformation Eq.(3.3) becomes
and when q = 1, since = 0 and H 1 (x) = 0, the zero-order deformation Eq.
Thus, according to Eqs.(3.4) and (3.5), as the embedding parameter q increases from 0 to 1, φ(x; q) varies continuously from the initial approximation u 0 (x) to the exact solution u(x). Such a kind of continuous variation is called deformation in homotopy [14, 23] . Due to Taylor's theorem, φ(x; q) can be expanded in a power series of q as follows
where
Let the initial guess u 0 (x), the auxiliary linear parameter L, the nonzero auxiliary parameter and the auxiliary function H 1 (x) be properly chosen so that the power series (3.6) of φ(x; q) converges at q = 1, then, we have under these assumptions the solution series
From Eq.(3.6), we can write Eq.(3.3) as follows:
By differentiating Eq.(3.10) m times with respect to q, we obtain
and
Note that the high-order deformation Eq.(3.11) is governing the linear operator L, and the term m ( − −− → u m−1 (x)) can be expressed simply by Eq.(3.12) for any nonlinear operator N.
HAM applied to fractional Volterra integro-differential equation
We consider Caputo fractional Volterra integro-differential equation given by (1.1), with the initial condition (1.2). We can define
Now we construct the zero-order deformation equation 13) subject to the following initial conditions
where q ∈ [0, 1] is the embedding parameter, = 0 is an auxiliary parameter, u 0 (x) is an initial guess of the solution u(x) and φ(x; q) is an unknown function on the independent variables x and q. Also we suppose that
where C is an integral constant. When the parameter q increases from 0 to 1, then the homotopy solution φ(x; q) varies from u 0 (x) to solution u(x) of the original equation (1.1). Using the parameter q, φ(x; q) can be expanded in Taylor series as follows: 16) where u m (x) define as (3.7).
Assuming that the auxiliary parameter is properly selected so that the above series is convergent when q = 1, then the solution u(x) can be given by
(3.17)
Differentiating (3.13) and the initial condition (3.14) m times with respect to q, then setting q = 0, and finally dividing them by m!, we get the m th -order deformation 18) subject to the following initial conditions,
Applying the operator J α to both sides of the linear m-order deformation (3.18)
Main Results
In this section, we shall give an existence and uniqueness results of Eq. (1.1), with the initial condition (1.2) and prove it. Before starting and proving the main results, we introduce the following hypotheses:
(H1) There exists a constant L F > 0 such that, for any u 1 , u 2 ∈ C(J, R)
(H2) There exists a function K * ∈ C(D, R + ), the set of all positive function continuous on D = {(x, t) ∈ R × R : 0 ≤ t ≤ x ≤ 1} such that
(H3) The function g : J → R is continuous.
Now, we will study the existence and uniqueness result of the solution based on the Banach contraction principle.
Theorem 4.2. Assume that (H1)-(H3) hold. If
then there exists a unique solution u(x) ∈ C(J) to (1.1) − (1.2).
Proof. By Lemma 4.1. we know that a function u is a solution to (1.1) − (1.2) iff u satisfies
Let the operator T : C(J, R) → C(J, R) be defined by
Firstly, we prove that the operator T is completely continuous. We can see that, if u ∈ C(J, R) is a fixed point of T , then u is a solution of (1.1) − (1.2). Now we prove T has a fixed point u in C(J, R). For that, let u 1 , u 2 ∈ C(J, R) and for any x ∈ [0, 1] such that
Consequently, we get
From the inequality (4.1) we have
This means that T is contraction map. By the Banach contraction principle, we can conclude that T has a unique fixed point u in C(J, R). Now, we will study the convergence theorem of the solutions based on the HAM. We can write
Hence, from Eq. So, using Eq.(4.3), we have
Therefore from Eq. 
From Eq.(4.4) and Eq.(4.5), we have
therefore, u(x) must be the exact solution of Eq.(1.1) and the proof is complete.
Illustrative Example
In this section, we present the analytical technique based on HAM to solve Caputo fractional Volterra integro-differential equations.
Example 1. Let us consider Caputo fractional Volterra integro-differential equation:
with the initial condition
From (3.13), (5.1) can be written as 
Then, 
Conclusions
Homotopy analysis method is successfully applied to derive approximate analytical solutions for fractional Volterra integro-differential equations. Also, we proved the existence and convergence of the solution. Moreover, the obtained results show that we can control of the convergence district of homotopy analysis technique by control the auxiliary parameter . The convergence theorem and the illustrative example establish the precision and efficiency of the proposed technique.
